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ABSTRACT 

One of the challenges in the design of sub-sea structures and wind turbines on caisson foundations 

is the realistic representation of foundation-soil stiffness and capacity. Such a representation can 

be “lumped” as load-displacement relationships at the top of the caisson (sea-bed level). 

The paper presents a general V (vertical load) - H (horizontal load) - M (overturning moment) 

yield surface and back-bone load – displacement (H-h, M- and V-v) curves that can be used in 

geotechnical design of a structure and its caisson foundation. The soil parameters, together with 

the model formulation and limitations, are presented and discussed in the paper. The last part of 

the paper illustrates some of the applications of the yield surface in the design. 
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1 INTRODUCTION 

An important tool for the analysis of soil-

structure interaction problems, particularly of 

dynamic soil-structure interaction of sub-sea 

structures and wind turbines on caisson 

foundations, are discrete, “force resultant” 

models. In these models, the details of 

stresses and deformations in the soil mass 

and at the interface with the caisson are 

replaced by the force and moment resultants 

acting at caisson top centre (seabed level) and 

the resulting displacements.  

The paper presents finite element analyses of 

caisson foundation in typical North Sea, soft 

clay. The results confirm the failure envelope 

proposed by Kay and Palix, 2011 and 2015. 

The envelope is extended to a yield surface 

using two kinematic hardening parameters, 

mHM and mV, the mobilization degree of 

lateral and of vertical loading, respectively. 

The kinematic hardening rule for lateral 

loading is based on back-bone curves derived 

from force-displacement results of finite 

element analyses. 

2 VHM FAILURE ENVELOPE AND 

YIELD SURFACE  

2.1 Failure envelope  

Large scale, field tests and small scale, 

laboratory tests on caisson foundations have 

shown that a failure envelope can be 

established as the locus of all load 

combinations, V-H-M, provided all forces 

and moment act in the same vertical plane 

passing through the top centre of the caisson 

(Houlsby, Ibsen and Byrne, 2005). The shape 

of the envelope is confirmed by numerical 

analyses along different load paths. 

Kay and Palix, 2011, found that a caisson 

with diameter D and length L has an elliptical 

envelope,  
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Figure 1, expressed as: 

 

H*ult(t)=aMH·cos(t)·cos(φMH)+ 

bMH·sin(t)·sin(φMH) 

(1) 

M*ult(t)= aMH·cos(t)·sin(φMH)-

bMH·sin(t)·cos(φMH) 

 

In Eq.(1) H*ult(t) and M*ult(t) are the 

normalized horizontal ultimate force, Hult/Ho  

and ultimate moment, Mult/Mo, respectively. 

Ho= D·L·su,ave,L and Mo= D·L
2
· su,ave,L are the 

reference force and moment respectively.  

su,ave,L is the average undrained shear strength 

of soil over the length L of the caisson. 

The ellipse (the major axis) is rotated from 

horizontal by an angle of φMH. The radius 

connecting the origin with the current point 

(H*ult, M*ult) on the ellipse makes an angle t 

with the ellipse major axis. 

 

 
Figure 1. Failure envelope. 

 

The coefficients aMH, bMH and MH are 

presented in Kay and Palix, 2011. 

2.2 Yield surface 

Using the work of Kay and Palix, 2015, a 

general yield surface can be expressed as: 

 

F=H*
2
·f(h/L)-(mV)·mHM

2
=0 (2) 

 

where mV=V*/V*ult , mHM=H*/H*ult 

=M*/M*ult during loading along M/H=h = 

constant load path. 

The hardening function for vertical load is, 

according to Kay and Palix, 2015: 

 

(mV) = [1-mV 
bVH

] 
(2/aVH)

  (3) 

 

with the parameters aVH and bVH linear 

functions of the ratio L/D. 

The function f(h/L) is calculated as: 

 

f(h/L) = [(cos(MH)+(h/L)·sin(MH))/aMH]
2
+ 

[((h/L)·cos(MH)- sin(MH))/bMH]
2
        (4) 

 

For any mobilization degree of vertical 

loading, mV and of lateral loading, mMH, the 

normalized lateral loads can be find for any 

loading path, h/L, as: 

 

H*=mMH·√[(mV)/f(h/L)]   

(5) 

M*=H*·h/L 

 

Finite element analyses of caisson foundation 

in soft clay from North Sea are performed 

using PLAXIS 3D to check the applicability 

of the failure envelope proposed by Kay and 

Palix. The finite element model is shown in 

Figure 2. The caisson foundation was 

modelled as a hollow cylinder using linear 

elastic plate elements. The cylinder has a 

length of L = 18.5 m and a diameter of D = 

7.5 m. 

 

 
Figure 2. Finite element model. 

 

The vertical (own weight) load, V, is applied 

as uniformly distributed load over the top 

plate of the caisson. The horizontal load, H, 

was applied as a point load at the centre of 

the caisson lid. To model the moment load, 

M, two equal vertical loads in opposite 

direction of each other were applied at the 

edge of the caisson lid. Both H and M were 

applied simultaneously in undrained 

conditions. In each analysis, the ratio, 

h=M/H, was kept constant (a linear load path 

in the M-H plot). The combined loading 
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phase, H and M, was performed by 

incrementally increasing the loads with a 

specific maximum load fraction per step until 

failure occurred. 

The soil is modelled using ”Undrained B” 

Mohr-Coulomb model. The soil parameters 

are described in Table 1. The results of 

PLAXIS 3D analyses are plotted together 

with the yield surface, Eq. (2) for mV=0.5 

 
Table 1. Soil parameters 

Parameter Units Value 

Identification - MC clay 

Material Model - Mohr-
Coulomb 

Drainage type - Undrained (B) 

 kN/m3 16.4 

E kN/m2 2575 

 - 0.35 

cref kN/m2 1.87 

Eincr kN/m2/m 2788 

zref m 0 

cincr kN/m2/m 2.025 

zref m 0 

Tension cut-off - Yes 

Tensile 
strength 

kN/m2 0 

Rinter - 0.5 

ko - 0.6 

 

and mMH=1 (failure in lateral loading) in 

Figure 3.a and b.  

As can be seen from Figure 3, the yield 

surface is in good agreement with the results 

from PLAXIS 3D analyses on soft, North Sea 

clay.  

3 FORCE-DISPLACEMENT BACK- 

BONE CURVES  

The force-displacement and moment-rotation 

curves from PLAXIS analyses were used to 

derive expressions for back-bone curves 

providing the kinematic hardening rule of the 

yield surface in monotonic loading. 

For each loading path with constant load 

ratio, h=M/H, back-bone curves H- and M-

, are described  using the initial stiffness 

parameters, Kmax and Kmax, as functions of 

h/L, and secant stiffness degradation with 

displacement. 

   

3.1 Initial stiffness 

The initial stiffness of back-bone curves vary 

with the loading path ratio, h/L as shown in 

Figure 4. The variation of initial stiffness 

with the loading path ratio h/L is found to be 

described by: 

 

 

 
Figure 3 a. Yield surface and PLAXIS 3D results. 

b. Detail of Figure 3.a. 

 

Kmax=Kmax,max-

k1·x/(1/ko+k2·x/(Kmax,max-Kmaxo)) 

 

with x=log(h/ho) , ho=0.1·L  (6) 

 

Similarly: 

 

Kmax=Kmax,o+k1·x/(1/ko+ 

k2·x/(Kmax,max-Kmaxo))  (7) 

 

The coefficients k1…ko are found by curve 

fitting technique. 

The “boundary” stiffness, Kmax,max is the 

initial, elastic stiffness for load path ratio 

ho/L and Kmax,o corresponds to load path 

ratio hult/L (hult=1000m). The “boundary” 

stiffness for rotation, Kmax,o corresponds to 

ho/L and Kmax,max to hult/L. The boundary 

stiffness can be determined by using elastic 

solutions for caisson stiffness. 
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For a caisson embedded in elastic soil with 

soil reaction coefficient varying linearly with 

depth, k=m·z, the following stiffness 

relations can be written for soil lateral 

reactions on the caisson: 

 

 

 
Figure 4 Variation of initial stiffness with h/L 

 

Hlat=m·D·L
2
/2·m·D·L

3
/3·

Mlat m·D·L
3
/3· m·D·L

4
/4·  

 

Using solutions from Gazetas, 2005, the 

coefficient m can be expressed as a function 

og Gmax/su as follows: 

 

m=2/(1-) ·(Gmax/su)·(su/po’)·’/D (9) 

 

Similarly, the stiffness of bottom soil 

reactions can be expressed using Gazetas 

equations as: 

 

Hbot=Kxb·+Kxb· 

Mbot= Kxb· Kb·  


where:  

 

Kxb=8·Gb·R/(2-), Kb=8GbR
3
/3(1-n) and 

Kxb=(8·Gb·R/(2-)- m·D·L
2
/2)·L/3 (11) 

 

The total initial stiffness is obtained from the 

equilibrium of lateral and bottom reaction 

with the applied force and moment: 

 

H=Hlat+Hbot= Kh·+Kh·

M=Mlat+Mbot-Hbot·L= Kh· K·
   (12) 

The Eqs.(12) can be written as flexibility 

equations: 

 

=(H·K·h( Kh·h·

·Kh-H·h( Khh)·h·

=(Kh·K-Kh
2
)  

 

The boundary stiffness can now be 

determined from eq.(13), by selecting h equal 

to ho or hult as explained before.  

The boundary stiffness were determined 

using the ratio su/po’=0.32 as results from 

PLAXIS input and a ratio Gmax/su=1000, in 

Eqs.(8)…(13). The values had to be corrected 

by adjusting coefficients (0.02-0.03 for 

rotation stiffness and 1.5-1.9 for 

displacement stiffness) in order to match the 

PLAXIS results, probably due to the 

influence roughness used for interface 

elements and other 3D effects. 

 

Using the corrected values for boundary 

stiffness and the Eqs.(6) and (7) for initial 

stiffness a good agreement is shown between 

PLAXIS and predicted stiffness (Fig.4).   

  

3.2 Kinematic hardening rule for lateral 

loading 

The kinematic hardening rule is described by 

the back-bone curves force-displacement and 

moment-rotation using the formulation 

proposed by Athanasiu et al., 2008: 

 

H=(K/Kmax)·(/r)·Hult  

M=(K/Kmax)·(/r)·Mult  (14) 

 

with: 

 

K/Kmax=1-c1·atan{exp[c2·log(/i)]}  (15) 

K/Kmax=1-c1·atan{exp[c2·log(/i)]} 
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In eqs. (14) and (15), Kand K are the 

secant stiffness corresponding to 

displacement  and rotation , respectively.  

 Kmax and Kmax are initial stiffness 

parameters. r and i are reference 

displacement, Hult/ Kmax and displacement at 

inflexion point on the curve K/Kmax vs. 

log( The coefficients c1 and c2 are 

determined from the ratio Kult/Kmax and 

from the slope of the curve K/Kmax vs. 

log() at the inflection point. 

Examples of predicted back-bone curves as 

compared to PLAXIS results are shown in 

Figure 5.  

 

 
Figure 5. Back-bone curves 

 

The kinematic hardening rule for lateral 

loading relating the kinematic hardening 

parameter, mHM= (K/Kmax)·(/r) with 

plastic displacements pl=H/ Kmax·[1/( 

K/Kmax)-1] is determined  from back-bone 

curve (Figure 6). 

 

 
Figure 6. Kinematic hardening rule. 

4 APPLICATION OF THE YIELD 

SURFACE AND BACK-BONE 

CURVES 

4.1 Estimation of safety factor to failure 

The key application of the yield surface for 

mobilization degree mHM=1 (failure 

envelope) is that the envelope allows an 

explicit consideration of the independent load 

components and a graphical interpretation of 

the factor of safety associated with different 

load paths. 

Consider as an example the loading situation 

in Figure 7. The loading path for permanent 

load is OA and for environmental loads is 

represented by the segment AB. Using the 

definition from ISO 19991-4, the safety 

factor is SF=AC/AB=1.73. The conventional 

bearing capacity verification would look at 

the ratio between vertical bearing capacity 

including the effect of horizontal load and the 

total applied vertical load: SFconv= 

DE/DB=1.56.  

4.2 Dynamic soil-structure interaction 

analyses in frequency domain  

 

The back-bone curves provided by the model 

are used with a variable secant stiffness 

procedure in a modal analysis of a sub-sea 

structure. A loading ratio, h and secant 
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Figure 7. Definition of safety. 

 

stiffness’s K and K are initially assumed 

and a modal analysis is performed. A first 

estimate of natural frequencies and periods, 

n and Tn, of dynamic loads, HEQ and MEQ 

and of displacements, EQ and EQ as a 

function of pseudo response acceleration, 

PSa(Tn), is obtained. 

The process converges only if:  

 

- the dynamic stiffness’s are 

compatible to the soil-caisson 

response stiffness described by back- 
 

 

 

 

 
Figure 8. Results from modal analysis 

 

bone curves; 

- The dynamic load ratio hdyn=MEQ/HEQ 

is the same as the assumed ratio, h;   

- The same mobilization degree 

mH=H/Hult =M/Mult is obtained for 

both, dynamic moment and dynamic 

force; 

If the convergence is not obtained, a new 

iteration is performed using the hdyn as the 

new assumed loading ratio, h and the average 

mobilization degree of force and moment 

from the previous iteration to determine the 

stiffness’s. Figure 8 illustrates the results of 

iteration process. 

5 SHORTCOMINGS AND FUTURE 

DEVELOPMENTS OF THE MODEL 

A macro-element model consisting of a yield 

surface and back-bone curves defining 

kinematic hardening rule for monotonic 

loading is presented. It can be used for static 

and dynamic soil-structure interaction 

analyses in frequency domain using 

equivalent, linear secant stiffness.  

Adjustments are still required to account for 

effect of geometry aspect ratio L/D, non co-

planar HM loads, gapping, etc. The main 

shortcoming of the model is that it can not 

incorporate the effect of load reversal. 

The main task for future development of the 

model is the attempt to describe the elasto-

plastic behaviour upon unloading and 

reloading. This will enable soil-structure 

interaction analyses of variable, cyclic 

loading and of dynamic analyses in time 

domain. 
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